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\S 0. Random walk
, random walk ,
. , .
, $\{X_{k}\}_{k=1}\infty$ ,
$W_{n}=x_{0}+X_{1}+\cdots+X_{n}$ $X_{0}X_{1}\cdots Xn$ $x_{n}\cdots x_{1}x_{0}$
$(W_{n})_{n=}^{\infty}0$ random walk . ,
$W_{n}$ $=x_{0}$ $\star$ ( $X_{1}$ )1 ($X_{1}$ )4 $\star x_{0}$ (0.1)
. $\star$ convolution product .
Random walk ,
. , random walk ,
. , (0.1) ,
, function algebra measure algebra .
$X$ $G$ - . , stabilizer $I\dot{\backslash }^{r}$
, $K\backslash G/K$ function algebra (Hecke algebra) measure algebra convolution
, $G$
, hypergroup association scheme random walk
$([10|, [9])[12]$ ). , Hecke algebra
(Bose-Mesner algebra ) ,
. , ,
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Riemann ( , , Grassmann ), polynomial hypergroup, $\mathrm{P}$




, , 1 ( $\urcorner \mathrm{r}:\text{ }$ ) $\mathrm{a}\mathrm{l}\mathrm{g}\mathrm{e}\mathrm{b}\mathrm{r}\mathrm{a}$ ( operator algebra)
. , quantum stochastic
process $\langle$ quantum random walk , convolution
, , algebra coalgebra
. , algebra dual positive .
, algebra coalgebra bialgebra
. , , ,
, analytic
, Hopf-von Neumann algebra . Kac algebra
, Fourier . , $c*$ $W^{*}$
,
, . , ,
, $-$ ( ?) .
“Definition” quantum random walk $=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{o}\mathrm{m}$ walk in Hopf-von Neumann algebra
\S 1.
quantum probabilitv svace, quantum random variable
, [2], [18], [15] . ,
( $!!$ ).
$\mathfrak{B}$ 1 $*$-algebra, \rho $\mathfrak{B}$ state, , $\mathfrak{B}$ linear functional positive
$(\rho(a^{*}a)\geq 0)$ $\rho(1)=1$ . , algebra $\mathbb{C}$
125
. $(\mathfrak{B}, \rho)$ quantum probability space . $\mathfrak{U}$ 1 $*$-algebra
, $\xi$ : $\mathfrak{U}arrow \mathfrak{B},$ $*$-homomorphism, $\mathfrak{B}$ $\mathfrak{U}$-valued quantum random variable
.
, ( ) . , $(\Omega, \mathcal{F}^{\cdot}, P)$ prob-
ability space, $(S, \mathcal{E})$ measurable space , $X$ : $\Omegaarrow S$ \Omega $S$-valued random
variable . $\mathfrak{B}$ \Omega $\mathbb{C}$-valued $F$-measurable function , $\mathfrak{U}$ S $\mathbb{C}$-valued
$\mathcal{E}$-measurable function , $\rho=\int_{\Omega}$ . $dP$ . \S 0 ,
$X$ , $X$ , , $f\in \mathfrak{U}$
$\rho(f(X))$ , random variable
$\xi$ : $\mathfrak{U}\ni farrow f(X)\in \mathfrak{B}$ (1.1)
map . (1.1) $\mathfrak{U}$ $\mathfrak{B}$ $*$-homomorphism
.
$\mathfrak{U}$ function algebra . , observable $H$ (
Hilbert space $\mathcal{H}$ self-adjoint operator) , , $\mathbb{R}$ projection-valued
measure, $\mathbb{R}$ $\mathbb{C}$-valued function f $f(H)$ $*$-homomorphism
, quantum random variable . , $\mathfrak{U}$ algebra ,
$\mathfrak{U}$ $S$ function algebra , S-valued
random variable . \S 4 subalgebra $-$
.
Quantum random variable $\xi$ : $\mathfrak{U}arrow \mathfrak{B}$
$\mathfrak{U}\ni xarrow\rho(\xi(x))$ (1.2)
$\mathfrak{U}$ dual . $\rho(\xi(X^{*}x))=\rho(\xi(X)*\xi(x))\geq 0$ ,
positive .
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Hop $f$-von Neumann alqebra Hopf-von Neumann algebra
. [8] . (
$!!$ ).
$9n$ von Neumann algebra , $\Gamma$ : $\mathfrak{U}\mathrm{t}arrow 9n\otimes 9n$
1 1 normal homomorphism $(\mathrm{i})\Gamma(1)=1\otimes 1$ ,
(ii)coassociativity ( )
$\Gamma\swarrow$ $\searrow^{\Gamma}$
. , 1 identity map .
1 $\mathfrak{n}$ $\mathfrak{m}_{\vee}\otimes\Uparrow 1$
, $(\mathfrak{U}\mathrm{t}, \Gamma)$ $ $\iota_{\llcorner}^{\vee}9y\mathrm{t}$ Hopf-von Neumann algebra
. $\iota$ : $9n\otimes 9narrow 9n\otimes$ $\iota(a\otimes b)=b\otimes a$ $|\emptyset$ $\backslash$ $\mathit{1}$ $\emptyset|$
. commutative commutative
$\mathfrak{m}\otimes\eta 1\otimes \mathfrak{n}\iota$
HHopf-von Neumann algebra , $\iota\circ\Gamma=\tau$
cocommutative ( symmetric) Hopf-von Neumann
algebra .
Remark. , \S 2 1 $j7$ , Fock space
, coproduct $\Gamma$ . , von
Neumann algebra , coproduct $\Gamma$ .
2 . $G$ compact group .
Examples. (1) $\text{ }=L^{\infty}(G)$ , $\Gamma f(S,t)=f(st),$ $s,t\in G,$ $f\in \text{ }$
coproduct $\Gamma$ , commutative Hopf-von Neumann algebra .
von Neumann , $9\mathfrak{n}=\mathcal{R}(G)$ : representation algebra $\subset L^{\infty}(G)$
, $\Gamma 9n$ $\text{ }\otimes$ .
(2) $\mathfrak{A}t=\mathcal{L}(G)$ : $G$ $L$ von Neumann algebra $\subset B(L^{2}(G))$
, $\Gamma(L_{g})=Lg\otimes L_{g}$ coproduct $\Gamma$ , cocommutative
Hopf-von Neumann algebra .
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convolution $(\text{ }, \Gamma)$ Hopf-von Neumann algebra , $\text{ }$ predual .
, M state normal , $v\mathfrak{n}$-valued random variable *
. $\phi,$ $\psi\in \text{ _{}*}$
$\langle\phi\star\psi, X\rangle=\langle\phi\otimes\psi, \tau X\rangle$ $(x\in 9\pi)$ (1.3)
$\emptyset\star\psi\in \text{ _{}*}$ $\phi$ $\psi$ convolution .
$\int x(s)d\phi\star\psi(s)=\iint x(st)d\emptyset(S)d\psi(t)$
.
conditional expectation \rho normal state , $E_{\rho}$ : $9\mathfrak{n}\otimes 9narrow$
$\langle$ $\psi,$ $E_{\rho}X)=\langle\psi\otimes\rho, x\rangle$ $(\psi\in 9n_{*}, x\in \text{ })$ (14)
conditional expectation . $\langle\psi\otimes\rho, E_{\rho}x\otimes 1\rangle$ ,
.
\S 2. Quantum random walk
[2] $\mathfrak{l}^{\vee}\llcorner$ $*$-algebra $*$-homomorphism quantum stochastic process
, stochastic calculus
. , $-$ [18] [15] . [16]
.
Quantum Markov process (quantum stochastic flow) $(j_{t})_{t\geq 0}$ $\mathrm{n}\ovalbox{\tt\small REJECT}-$
$j_{t}$ : $\mathfrak{U}arrow \mathfrak{U}\otimes B(\mathfrak{h}_{0}\otimes\Gamma_{s}(\mathcal{V}\otimes L^{2}(\mathbb{R}_{+})))$
. $\mathfrak{y}_{0,\mathcal{V}}$ Hilbert spaces , $\Gamma_{s}$ Boson Fock space, B bounded operators
, $\mathfrak{U}$ initial algebra . discrete time version $(jn)n\in \mathrm{N}$ [18]
. quantum random walk , $\check{}\text{ }$ discrete time quantum stochastic
128
flow , structure map $*$-homomorphism coproduct
\Gamma . , ( )n\epsilon $\mathrm{N}$ , .
quantum random walk ,
quantum stochastic flow , quantum random walk
. , ,
.
Hopf-von Neumann algebra , Hilbert space H bounded linear operators
$B(\mathcal{H})$ . $\rho 0,$ $\rho$ $9\mathfrak{n},$ $e(\mathcal{H})$ normal state . $\tilde{\mathfrak{B}}=$
$9\mathfrak{n}\otimes B(\mathcal{H}\otimes \mathcal{H}\otimes\cdots),\tilde{\rho}=\rho 0\otimes(\rho\otimes\rho\otimes\cdots)$ , $\mathcal{H}\otimes \mathcal{H}\otimes\cdots$ , $m$
$n$
$\mathcal{H}^{\otimes[m,n]}$ , $m$ $\mathcal{H}^{\otimes[m}$ . , $\mathcal{H}^{\otimes[m,n]}$
identity $1_{[m,n]},$ $\mathcal{H}^{\otimes[m}$ $1_{[m}$ .
Remark. $\mathcal{H}\otimes \mathcal{H}\otimes\cdots,$ $\rho\otimes\rho\otimes\cdots$ ,
, . ,
, quantum random walk
, $9n_{*}$ ( ). , quantum stochastic
process , (reference vectors )
( Fock space ) . , (
$\text{ }\cdots)$ , creation, annihilation (Boson) Fock space
operators ,
( $!!$ ).
$E_{\rho}$ : $\text{ }\otimes B(\mathcal{H})arrow$ $\rho$ conditional expectation , $\tilde{\mathfrak{B}}_{n]}=\{x\otimes 1_{[n+}1;x\in$
$9J\mathrm{t}\otimes s(\mathcal{H}^{\otimes}[1,n])\}$ , $E_{n]}$ : $\tilde{\mathfrak{B}}arrow\tilde{\mathfrak{B}}_{n]}$ $E_{n]}=E_{\rho^{\otimes \mathrm{l}}}n+1X\otimes 1_{[n+1}(x\in\tilde{\mathfrak{B}})$




$\Gamma_{n}$ . , coassociativity , $\Gamma_{n}$ $\Gamma$
.
Definition 2.1. $j_{n}$ : $\text{ }arrow$
$j_{n}x=\Gamma_{n}x\otimes 1_{[n+1}$ $(x\in 9n)$ (2.2)
, $(j_{n})_{n\in \mathrm{N}}$ $\rho$ -valued quantum random walk ( quantum
random walk in $\mathfrak{U}\mathrm{t}$) . ,
$T=E_{\rho}\Gamma$ : $\text{ }arrow \mathfrak{U}t$ (2.3)
quantum random walk $(j_{n})$ transition operator .
Remarks 1) , [18] discrete quantum stochastic flow structure map
\theta coproduct $\Gamma$ .
2)(2.3) T transition operator , .
3) $\Gamma$ modify structure map quantum random walk
.
Proposition 22. \rho -valued quantum random walk $(j_{n})_{n\in \mathrm{N}}$
.
$E_{n-1]}j_{n}X=j_{n-1}(E_{\rho}\tau_{x})$ $(x\in \mathfrak{U}t)$ (2.4)




Proof. (2.4): $\Gamma x$ $\otimes$ $x\in$
. Coproduct $\Gamma x=\sum x_{(1)}\otimes x_{(2)}$ ,
$\Gamma_{n}x=(\Gamma\otimes 1^{\otimes 1}n-)(\Gamma\otimes 1^{\otimes n}-2)\cdots(\Gamma\otimes 1)\tau x$
$= \sum(\Gamma\otimes 1^{\otimes 1}n-)(\Gamma\otimes 1^{\otimes-}n2)\cdots(\Gamma\otimes 1)(x(1)\otimes x(2))$
$= \sum\{(\Gamma\otimes 1^{\otimes}n-2)\cdots(\Gamma\otimes 1)x_{(}1)\}\otimes X(2)=\sum(\Gamma n-1x(1))\otimes x_{(2)}$ ,
$E_{n-1]}j_{n}X= \sum E_{n-1]}(\Gamma_{n}-1x(1))\otimes x_{(2)}\otimes 1_{[n+1}=\sum\rho(x_{(2)})\Gamma n-1X(1)\otimes 1_{[n}$ .
$-$
$j_{n-1}(E_{\rho} \Gamma_{X})=\sum\Gamma_{n-1}(E(\rho x_{()}1\otimes x_{(2)}))\otimes 1_{[n}=\sum\rho(x_{(2)})\Gamma n-1^{X}(1\rangle\otimes 1_{[n}$ .
(2.5): $\Gamma x$ ,
$\langle(E_{\rho}\Gamma)^{*}\psi, X\rangle=\langle\psi, E_{\rho}\Gamma X\rangle=\sum\langle\psi,\rho(x_{(2}))x_{(1)}\rangle$
$= \sum\langle\psi, x_{()}1\rangle\langle\rho, x(2)\rangle=\langle\psi\otimes\rho,$ $\Gamma X)=\langle\psi\star\rho, x\rangle$ .
(2.6) . I
Remark. (2.4) . $(M_{n})_{n\in \mathrm{N}}$ S discrete time
Markov process , transition operator $T$ . $\sigma[M0, \cdots, M_{n-1}]$
conditional expectation $E_{n-1]}$ , $E_{n-1]}f(M_{n})=(Tf)(M_{n-1})$ . (1.1)
, $f(M_{n}),$ $(Tf)(Mn-1)$ , quantum case $j_{n}f,$ $j_{n}-1(Tf)$
. , (2.4) , (2.3) $E_{\rho}\Gamma$ transition operator
. , , $(j_{n})$ correlation $T$
.





Proof. Conditional expectation $E_{i]}E_{j]}=Ei\wedge j$ ] $j_{n_{i}}$ homomorphism
(2.4) . 1
Definition 24. $(E_{\rho}\Gamma)*\psi=\psi$ normal state $\psi\in \text{ _{}*}$ $(j_{n})$ invariant state
.
$\rho 0\star\rho\star\cdots\star\rho$ invariant state ,
, invariant state . Invariant state
, \S 5 .
\S 3. Examples
Example 1. $G$ compact group , $\mathcal{P}\iota(G)$ representation algebra, $C(G)$
, $\mathcal{R}(G)\subset C(G)\subset L^{\infty}(G)$ , , $c*,$ $W^{*}$
. $\mu$ $=L^{\infty}(G)$ normal state . $\mu$
$G$ Haar measure probability measure ( $L^{1}(G)$
). $\mathcal{H}0=L^{2}(G),$ $\mathcal{H}=L2(G, \mu)$ . $\mathfrak{A}\mathrm{t}$ $B(\mathcal{H}0)$
. , $\mathcal{H}$ , (1 1
$\text{ })$ map $k$ : $\text{ }arrow B(\mathcal{H})$ . $\rho=|1\rangle\langle$ $1|$ .
Proposition 31. $\check{\mu}$ $\mu$ : $\check{\mu}(B)=\mu(B^{-}1)(B\subset G)$ , .
$E_{\rho}((1\otimes k)\Gamma)f=f\star\check{\mu}$ $(f\in^{\mathrm{o}n_{)}}$ .
Proof. $u,$ $v\in \mathcal{H}_{0},$ $||u||=||v||=1$ .
$\langle u, E_{\rho}((1\otimes k)\Gamma)fv\rangle_{\mathcal{H}}=\mathrm{t}\mathrm{r}(1\otimes k)\Gamma f|v\rangle\langle u|\otimes|1\rangle\langle 1|$
$= \langle u\otimes 1, (1\otimes k)\Gamma fv\otimes 1\rangle=\int\int_{G\cross c}\overline{u(X)}f(xy)v(X)dxd\mu(y)$
$= \int_{G}\overline{u(x)}f\star\check{\mu}(x)v(x)dx=\langle u, (f\star\check{\mu})v\rangle$ . 1
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Remark. $Tf=f\star\check{\mu}$ , $G$ probability $\mu$ right random walk
transition operator .
Example 2. $G$ compact group, $9n=\mathcal{L}(G)$ $G$ group von
Neumann algebra $\subset \mathcal{B}(\mathcal{H}),$ $\mathcal{H}=L^{2}(G)$ . $\Gamma(L_{g})=$. $L_{g}\otimes L_{g}$. coproduct
\Gamma $\mathcal{L}(G)$ quantum random walk . , quantum random walk
\S 4 .
Example 3. (H Weyl system) [5] . $\mathcal{H}=L^{2}(\mathbb{R})$ , $U_{t},$ $V_{t}\in B(\mathcal{H})$
$U_{t}f(x)=e^{i}ftx(x),$ $V_{t}f(X)=f(x-t)$ , $Ws+it=e^{i}VSUtst/2$ . $\{W_{z} ; z\in \mathbb{C}\}$
$\mathbb{C}$ H Weyl system ,
$W_{z}W_{z’}=e^{i{\rm Im} zz/2}W_{z+z}’\overline{J}$ (3.1)
. , $\tilde{\Gamma}(W_{z})=W_{z}\otimes W_{z}$ $\tilde{\Gamma}$ homomorphism .
$\Gamma(\mathrm{T}.V_{z})=W_{z/\sqrt{2}^{\otimes}z/\sqrt{2}}W$ , (3.1) $\Gamma$ : $B(\mathcal{H})arrow B(\mathcal{H})\otimes\beta(\mathcal{H})$ homomorphism
, coassociativity . , $B(\mathcal{H}\otimes \mathcal{H}\otimes\cdots)$
$B(\mathcal{H}\cdot \mathcal{H}\cdots\cdot)$ , $(\Gamma\otimes 1)\Gamma|\mathcal{H}\cdot \mathcal{H}\cdot \mathcal{H}=(1\otimes\Gamma)\tau|_{\mathcal{H}\cdot \mathcal{H}\cdot \mathcal{H}}$
, quantum random walk . [5] , $W_{z/\sqrt{n}}\otimes\cdot\otimes W_{z/\sqrt{n}}(n$
) convolution analogue , $‘(\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{S}\mathrm{t}\mathrm{i}\mathrm{C}$ function”
convolution .
Example 4. (Anyonic line ) [14] . 2 Gauss
de Moivre-Laplace 1 quantum version .
Anyonic line algebra $\mathfrak{B}$ braided tensor product algebra B–\otimes , linear coproduct
$\underline{\triangle}\xi=\xi\otimes 1+1\otimes\xi$ $\mathfrak{B}$ bialgebra . , 2 density
convolution , , anyonic Gauss




\S 4. Quantum random walk
$(j_{n})_{n\in \mathrm{N}}$ Hopf-von Neumann algebra quantum random walk .
$\mathfrak{U}$ subalgebra . (2.7) ,
$E_{\rho}\Gamma(\mathfrak{U})\subset \mathfrak{U}$ (4.1)
, $(j_{n})$ $\mathfrak{U}$ . , (4.1)
. .
Proposition 4.1. Subalgebra $\mathfrak{U}$ right coideal , (4.1) .
Proof. $\Gamma \mathfrak{U}\subset \mathfrak{U}\otimes$ right coideal ([1] ). I
, , $\mathfrak{U}$ commutative subalgebra
. , $\mathfrak{U}$ underlying space $S$ function algebra .
quantum random walk underlying space , $-P$
. , commutative subalgebra ,
( ) .
Commutative subalgebra , \S 3 2 compact group group
von Neumann algebra quantum random walk .
, [3], [17], [20], [4] . $G,$ $\text{ }=\mathcal{L}(G),$ $\Gamma,$ $\mathcal{H}$
2 . $9J\mathrm{t}$ commutative subalgebra ,
$\tau \text{ }c(\tau)$ $Z=Z(G)$ . $\mathcal{L}(T)$ [4] . $Z$
, [11] , . Peter-Weyl
, $\mathcal{H}=\oplus_{\tau\in\hat{c}}\mathcal{H}_{\tau},$ $\mathcal{H}\tau\simeq V_{\tau}^{\oplus d}f$ ( $V_{\tau}$ ) , $\pi_{\tau}$ : $\mathcal{H}arrow \mathcal{H}_{\tau}$ projection
, $\pi_{\tau}\in Z$ . $\{\pi_{\mathcal{T}} ; \tau\in\hat{G}\}$ self-adjoint idempotents , $Z$ $\hat{G}$
, G $\delta_{\tau}$ $\pi_{\tau}$ . $-$
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, density operator $\rho=\sum_{\mu\in\overline{G}}(p(\mu)/d2)\mu\pi_{\mu}(p(\mu)\geq 0, \sum p(\mu)=1)$





( $\chi_{\lambda}$ f $V_{\lambda}$ character) (4.3)
. (4.2) \mbox{\boldmath $\lambda$} \nu $p(\lambda, \nu)$ . , (4.3)
$\frac{\chi_{\lambda}}{d_{\lambda}}(\sum_{\mu}p(\mu)\frac{\chi_{\mu}}{d_{\mu}})=\sum_{\nu}(\sum_{\mu}p(\mu)N_{\lambda\nu}\frac{d_{\nu}}{d_{\lambda}d_{\mu}}\mu)\frac{\chi_{\nu}}{d_{\nu}}$
, (4.2) , (
Littlewood-Richardson rule) random walk $\text{ }$ transition probability
. , $9n=\mathcal{L}(G)$ quantum random walk $\mathfrak{U}=Z$
, ( , weight lattice Weyl chamber )
random walk .
\S 5. Quantum random walk in Kac algebras
Kac algebra ( $!!$ ) ,
[8] . , compact tyPe Kac algebra ,
, faithful Haar state $\phi$ Hopf-von Neumann algebra
. , , Haar state $\phi$
$(\phi\otimes 1)\Gamma x=\phi(x)1$ $(c.f. \int x(st)d\phi(s)=\int x(s)d\phi(S))$
. .
Proposition 5.1. Haar state $\phi$ -valued quantum random walk invariant
sta,te .
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Proof. \rho normal state ,
$\langle(E_{\rho}\Gamma)^{*}\phi, X\rangle=(\emptyset,$ $E_{\rho}\Gamma x\rangle=\langle\emptyset\otimes\rho, \tau_{X}\rangle$
$=(1\otimes\rho)(\emptyset\otimes 1)(\Gamma x)=\langle\emptyset, x\rangle$ ,
$(E_{\rho}\Gamma)^{*}\phi=\emptyset$ . 1
, $\phi$ uniform probability . Compact group
probability convolution power uniform probability
, Kawada-Ito 1940 ([13]).
, convolution power finvariant measure ,
, . ,
(Gel’fand pair ) random walk , Diaconis
. [6] . $\rho\star\cdots\star\rho$ invariant measure $\phi$
variation distance , ( ) distance
, Diaconis cut-off phenomenon
. [12] , association scheme random walk , cut-off
phenomena , , cut-
off . , random walk
, .
Quantum random walk invariant state
, . , compact type
Kac algebra
.
, Diaconis $-$ , upper bound lemma (
, [7] ) compact tyPe Kac algebra .
Haar state $\phi$ $(x, y)=\phi(x^{*}y)$ , $9\mathrm{J}\mathrm{t}$
$\mathcal{H}$ . $\omega\in$ $||\omega||_{\emptyset\sup_{x\epsilon(}}=\mathfrak{M},x,x$ ) $\leq 1|\omega(x)|$ . $9\mathrm{n}_{*}$ Fourier
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representation $\lambda$ : $9n_{*}arrow 9\hat{n}\subset B(\mathcal{H})$ . [8] Chap 6 , $\lambda$ $\mathcal{H}=\oplus_{i\in IP}i\mathcal{H}$
$(di=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}Pi)$ , . , $0(\in I)$ 1
.
Proposition 52.
$|| \rho\star\cdots\star\rho-\phi||_{\Re\iota}^{2}*.\sum\leq diTr(\lambda(\rho)*n\lambda(\rho i\neq 0)npi)$
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